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GCD [9, 4, 2,
13, 26, 25, 3, 27, 19, 29, 28, 21, 10, 18, 6, 20, 5, 15, 17, 22, 24] . ,
GCD, GCD





$f(x)$ $g(x)$ $Z$ , $\epsilon$ . , -9-, $h$ ,
$\Delta_{f},$ $\Delta_{9}\in Z[x]$ , $f(x)$ $g(x)$ , $h(x)$
GCD .
$f(x)=\overline{f}(x)h(x)+\Delta_{f}(x),$ $g(x)=\overline{g}(x)h(x)+\Delta_{g}(x),$ $\epsilon=\max\{||\Delta_{f}||, \Vert\Delta_{g}\Vert\}$ . (1)
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1( GCD)
$f(x)$ $g(x)$ , $\epsilon=\max\{\Vert\Delta_{f}\Vert, \Vert\Delta_{g}\Vert\}$ (1)
$h(x)$ . $h(x)$ GCD . $\triangleleft$
2( GCD)
$f(x)$ $g(x)$ , $\epsilon\in N$ , $\max\{\Vert\Delta_{f}\Vert, \Vert\Delta_{9}\Vert\}\leq\epsilon$ (1)
$h(x)$ . $h(x)$ GCD
. , $h(x)$ $\triangleleft$
1( GCD)
$f(x)$ $g(x)$ .
$f(x)$ $=$ $54x^{6}-36x^{5}-192x^{4}+42x^{3}+76x^{2}-62x+15$ ,






, $\Delta_{f}=-x^{3},$ $\Delta_{9}=-x^{5},$ $\epsilon=1$ , GCD .
$\epsilon=1$ GCD GCD . $\triangleleft$
, GCD , GCD
. , ( , $10^{-10}$
) , . , 1
, $10^{-3}$ , . ,
,






. 1 . ,
[16] ,
. , [23, 12, 1]
.
2.1 GCD










, $f(x)$ $k$ $C_{k}(f)$ .
$C_{k}(f)=\{\begin{array}{llll}f_{0} 0 0| f_{0} \ddots |f_{n} | \ddots 00 f_{n} f_{0}| \ddots \ddots |0 0 f_{n}\end{array}\}\in Z^{(n+k)xk}$ .
$Syl_{r}(f, g)$ , $f(x)$ $g(x)$ $r$ .
$\mathcal{P}_{m-r-1}$ $\cross$ $\mathcal{P}_{n-r-1}$ $arrow$ $\mathcal{P}_{n+m-r-1}$ ,
$Syl_{r}(f,g)$ :
$(s(x) t(x))$ $rightarrow$ $s(x)f(x)+t(x)g(x)$ ,
, $r=0,$ $\ldots$ , $\min\{n, m\}-1$ , $\mathcal{P}_{d}$ $d$ . GCD
. $r$ , $f(x)/t(x)$ $g(x)/s(x)$ $f(x)$
$g(x)$ GCD .
, $Syl_{r}(f,g)=(C_{m-r}(f)C_{n-r}(g))$
. , $Syl_{r}(f, g)$ GCD $\epsilon(x)$ $t(x)$
. , GCD $[3, 25]$ , $Syl_{0}(f, g)^{t}$ QR
( GCD , [11, 9, 21] ).
212 GCD
GCD QR ,
LLL [12] . , $L=$
$\{r_{1}\tilde{v}_{1}+\cdots+r_{d}v_{d}arrow|r_{1}\in Z\}\subseteq Z^{k}$ ,
.
$||u \urcorner|\leq 2^{(d-1)/2}\min\{\Vert v\urcorner||0\sim\neq v\sim\in L\},\tilde{u}\in L$ .
$2^{(d-1)/2}$ , LLL ,
( [23, 12, 1] ).
$E_{i}$ $ixi$ , $c_{B}$ , $(n+m-2r)x(2n+2m-3r)$ $Syl_{r}^{B}(f,g)$




$B$ $f(x)$ $g(x)$ Landau-Migno$tte$ $lI4j$ , $c_{B}=2^{(n+m-2r-1)/2}\sqrt{n+m-2r}B$
. $r$ , LLL $Syl_{r}^{E}(f, g)$
, $(n+m-2r)$ $f(x)$ $g(x)$ GCD
$\triangleleft$




$f(x)$ $=$ 49x2 $-25$ $=$ $(7x-5)(7x+5))$
$g(x)$ $=$ $49x^{2}+70x+25$ $=$ $(7x+5)(7x+5)$ .
, $Syl_{0}^{E}(f,g)$ . $c_{B}$ ,
$c_{B}=1$ . , LLL ,
.
( $0001$ $0001$ $0001$ $0001|-252500$ $-2570250$ $4949700$ $494900)arrow(-5-2-20$ $-1-3-7-2$ $-1-2-5-2$ $3371|-25000$ $-20-15100$ $2114140$ $49000)$ .
, , $7x-5$ $7x+5$
. , GCD $7x+5$ .





2 , $Syl_{r}(f, g)$
. , $s(x)f(x)+t(x)g(x)\approx O$ $s(x),$ $t(x)$
$\in Z[x]$ . GCD $h(x)$ , $f(x)\approx t(x)h(x)$ $g(x)\approx-s(x)h(x)$
.
, GCD $h(x)$ , $f(x)$ $t(x)$
, GCD $f(x)\approx t(x)h(x)$ $g(x)\approx-s(x)h(x)$ ,
GCD . , [16] , $c_{H}$ ,
$(r+2)x(n+m+r+4)$ $H(f,g, t, s)$ ( $\vec{f}$ $f(x)$
$g(x)$ ).
$H(f,g,t,s)=(E_{r+2}|$ $c_{H}\cross C_{r+1}(-t)^{t}c_{H}xf^{-}$ $c_{H}xC_{r+1}(s)^{t}c_{H}\cross\vec{g}$ $)$ .
53
3
$B$ $f(x)$ $g(x)$ Landau-Mignotte , $c_{H}=2^{(r+1)/2}\sqrt{r+2}B$ . $r$
, LLL $H(f,g, t, s)$





$f(x)$ $=$ 49x2 $-24$ $=$ $(7x-5)(7x+5)-1$ ,
$g(x)$ $=$ $49x^{2}+70x+25$ $=$ $(7x+5)(7x+5)$ .
, $Syl_{0}^{B}(f,g)$ $(cB=1)$ . , LLL
, .
( $0001$ $0001$ $0001$ $0001|-242500$ $-2425700$ $4970490$ $494900)arrow(-5-237$ $-7-395$ $-5-263$ $-4-973|-18-2-53$ $-10-21-77$ $141407$ $49000)$ .
2
, $H(f,g, t, s)$ $(c_{H}=1)$ . , LLL
, .
( $001$ $001$ $001|-2450$ $-705$ $-7490$ $-5250$ $-7-570$ $-7490)arrow(001$ $051$ $071|051$ $-705$ $-700$ $\frac{0}{0}5$ $-7-50$ $-700)$ .
1 GCD $7x+5$
. , $7x-5$ $7x+5$ , 1 .
.
1(1 GCD )
InPut: $f(x),$ $g(x)\in Z[x]$ , of degrees $n$ and $m$, resPectively.
Output; $s(x),$ $t(x),$ $h(x)\in Z[x]satis\theta ingf(x)\approx s(x)h(x)$ and $g(x)\approx t(x)h(x)$ .
1. $\epsilonarrow 1$ ; while $\epsilon<\min\{\Vert f\Vert, \Vert g\Vert\}$ do 2-8
2. $r arrow\min\{n, m\}-1$ ; while $r\geq 0$ do 3-7
3. $carrow 1$ ; while $c\leq c_{B}$ do $4\triangleleft$
4. construct a matrix $Syl_{r}^{B}(f,g)$ vvith $c$ , apply the LLL algoritbm an$d$ $\backslash$
for each short vector do 5
5. construct a matrix $H(f, g, t, s)$ , apply the LLL algorithm,
let $h(x),t(x),$ $s(x)$ be candidate approximate GCD and cofactors, and





9. output “not found”. $\triangleleft$
, 1 $\epsilon=1$ , 2 $r= \min\{n, m\}-$




GCD , . ,
, ,
GCD . GCD GCD
, Gao GCD[7]
. , GCD .
4( GCD)
$f(\tilde{x})$ $g(\tilde{x})$ $Z[x\urcorner=Z[x_{1}, \ldots, x_{\ell}]$ , $\epsilon$ . ,
$\overline{f},\overline{g},$ $h,$ $\Delta_{f},$ $\Delta_{g}\in Z$ , $f(\tilde{x})$ $g(\tilde{x})$ ,
$h(\vec{x})$ GCD .
$f(\vec{x})=\overline{f}(\tilde{x})h(\tilde{x})+\Delta_{f}(\tilde{x}),$ $g(\vec{x})=\overline{g}(\vec{x})h(\vec{x})+\Delta_{g}(\vec{x}),$ $\epsilon=\max\{||\Delta_{f}||, ||\Delta_{g}||\}$ . (2)
, $\overline{f}(\vec{x})$ $\overline{g}(\vec{x})$ , $\epsilon$ . , $||p\Vert$
$p(x\neg)$ $\triangleleft$
$f(\tilde{x})$ $g(X)$ , $n=t\deg(f)$ $m=t\deg(g)$ .
, $Syl_{r}(f,g)$ , $f(\vec{x})$ $g(\vec{x})$ $r$ 1
.
$Syl_{r}(f,g):\mathcal{P}_{m-r-1}(s(\tilde{x}) x \mathcal{P}_{n-r-1}t(\vec{x}))$ $-arrow$ $\mathcal{P}_{n+m-r-1}s(\vec{x})f(\vec{x})+t(\tilde{x})g(d)$
,
, $r=0,$ $\ldots$ , $\min\{n, m\}-1$ , $\mathcal{P}_{d}$ $d$ . 1
, $r$ , $f(\tilde{x})/t(\vec{x})$ $g(\vec{x})/s(\vec{x})$ $f(\vec{x})$
$g(\tilde{x})$ GCD .
$p(\vec{x})$ $\vec{P}$ ,
. , $f(\vec{x})$ $\tilde{f}$ , $n$ , $g(\tilde{x})$
, $m$ . $k$
$C_{k}(f)$ , $k$ $p(\vec{x})$ $C_{k}(f)p^{arrow}=\vec{fp}$ .
, $Syl_{r}(f,g)=(C_{m-r}(f)C_{n-r}(g))$
. , 1 $Syl_{r}(f, g)$ GCD $s(\vec{x})$ $t(\vec{x})$
. 1 , $c_{B}$





$f(x, y)$ $=$ $49x^{2}-24y^{2}-1$ $=$ $(7x-5y)(7x+5y)-1+y^{2}$ ,
$g(x, y)$ $=$ 49x2 $-70xy+25y^{2}$ $=$ $(7x-5y)(7x-5y)$ .
, $Syl_{0}^{E}(f,g)$ $(c_{B}=1)$ .
$[000001$ $000001$ $000001$ $000001$ $000001$ $000001$ $-100000$ $\frac{0}{0,000}1$ $-24250000$ $-24250000$ $-100000$ $-7000000$ $-24-7025000$ $49490000$ $-704949000$ $49490000]$
, LLL , .
$(-100001$ $-2 \frac{507}{0}3$ $-7-93050$ $000001$ $-2 \frac{560}{0}3$ $-3 \frac{907}{0}4$ $\frac{000}{0,1}1$ $-5-72030$ $-24490000$ $-2 \frac{-50}{0}318$ $-3 \frac{907}{0}5$ $-7000000$ $-10-7-72100$ $4900000$ $-141400704900000]$
GCD ,
, . 2
, . 2 ,
$H(f, g, t, s)$ $(c_{H}=1)$ .
$(0001$ $0001$ $0001$ $0001|-1000$ $0050$ $-24005$ $0007$ $0075$ $49007$ $0000$ $\frac{0}{0,0}5$ $\frac{20}{0}55$ $0070$ $-70-507$ $49007)$
, LLL , .
$(0001$ $0001$ $0501$ $-7001|-1000$ $0050$ $0051$ $0070$ $0057$ $0007$ $0000$ $\frac{0}{00}5$ $\frac{00}{0}5$ $0070$ $-5007$ $0007)$
1 GCD $7x-5y$








. , Mathematica , SNAP
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